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Abstract. We discuss the modulus of continuity of the identity mapping id : (G,di) — > 
(G, cfe), where (G, df), i = 1, 2, are metric spaces in M n . In particular, we find a sharp bound 
for the modulus of continuity when c? 2 is the Euclidean and di the quasihyperbolic metric. 
We also characterize domains G in which the identity mapping is uniformly continuous when 
d 2 is the quasihyperbolic metric and d\ is the distance ratio metric. In addition, we discuss 
some properties of (^-uniform domains. 



1. Introduction 

Let (Xj,dj), j = 1,2, be metric spaces. A function / : X\ — > X 2 is said to be uniformly 
continuous if there exists a function, Lipschitzian modulus of continuity uo : [0,rx) — > [0,r 2 ) 
such that cj(0) = and u(t) — > 0, as £ — > 0, and for all x,y & X\ with di(x,y) < r\ we 
have d 2 (f (x) , f (y)) < ui(di(x,y)). In this case we also say that / : (X^di) — » (X 2 ,d 2 ) is 
ijj-uniformly continuous. To simplify matters we always assume that to : [0, ri) — > [0, r 2 ) is an 
increasing homeomorphism. In this general setup uniform continuity occurs in many areas 
of mathematical analysis from real analysis, functional analysis, measure theory, topology to 
geometric function theory. 

Here we will mainly be motivated by geometric function theory and therefore give a few 
related examples. If X\ = B n = X 2 and / : B n — > B n is f^-quasiconformal, then the 
quasiconformal counterpart of the Schwarz lemma says that / : (B n , p) (B n , p) is uniformly 
continuous where p is the hyperbolic metric of B n . If X\ = B 2 , X 2 = M? \ {0, 1}, the 
Schottky theorem gives, in an explicit form, a growth estimate for \f(z)\ in terms of \z\ 
when / : B 2 — > IR 2 \ {0, 1} is an analytic function [8j p. 685, 702]. In fact, Nevanlinna's 
principle of the hyperbolic metric [8j p. 683] yields an estimate for the modulus of continuity 
of / : (B 2 ,p) — > (X 2 ,d 2 ) where d 2 is the hyperbolic metric of the twice punctured plane X 2 . 

If q is the chordal metric and / : (B 2 ,p) — > (R , q) is a meromorphic function, then / is 
normal (in the sense of Lehto and Virtanen) if and only if it is uniformly continuous. In the 
context of quasiregular mappings, uniform continuity has been discussed in [191 EI] • 

We will consider two problems which naturally fit in this framework for some other metric 
spaces. For a subdomain G C lR n and x,y 6 G the distance ratio metric jo is defined [IH] by 



jo{x,y) = log 1 + 



\x - y\ 



mm{5(x), S(y)} 
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In a slightly different form of this metric was studied in [5|. The quasihyperbolic metric of G 
is defined by the quasihyperbolic length minimizing property 



where £k(j) is the quasihyperbolic length of 7 (cf. |6J). For a given pair of points x,y G G, 
the infimum is always attained [5], i.e., there always exists a quasihyperbolic geodesic Jg[x, y] 
which minimizes the above integral, k G (x, y) = £k( Jg[x, y]) and furthermore with the property 
that the distance is additive on the geodesic: k G (x, y) = k G (x, z) + k G (z, y) for all z G Jg[x, y] ■ 
If the domain G is emphasized we call J G [x,y] a /cc-geodesic. 

The first problem is to find a bound, as sharp as possible, for the modulus of continuity of 
the identity mapping 



where G $1 R n is a domain, m G G {k G , Jg} an d | - J is the Euclidean norm. In the case G = B n 
our first main result gives a sharp bound in Lemma I2TT1 This problem is motivated by a recent 
work of Earle and Harris 0, (2)] dealing with the case of the hyperbolic metric of the unit 
ball. The well-known inequality in Lemma |2~31 served in their work as a standpoint for further 
generalizations to other metrics. Another motivation comes from [21j pp. 322-323] where it 
was pointed out that finding the modulus of continuity is an open territory of research for 
numerous combinations of metric spaces, classes of domains and categories of maps. This 
simple question leads to a very large class of open questions because it allows a great number 
of variations: one may vary the classes of metrics, domains and mappings independently. The 
present paper will provide some answers to the questions raised in [2H pp. 322-323]. 

Another question we study is to explore the connection between k G and the distance ratio 
metric j G . We characterize domains G such that the identity mapping 



is uniformly continuous. These domains are so called ^-uniform domains (see Theorem 13 . 1 2[) 
and were first introduced in [19]. We also prove several properties of ^-uniform domains, 
in particular we prove that a domain preserves the ^-uniform property even if we remove a 
finite number of points from the domain. 

The (^-uniform domains generalize the notion of uniform domains introduced by Martio 
and Sarvas in [T5] and extensively studied thereafter. It is a natural question whether these 
results also have a counterpart in the case of (^-uniform domains. In some particular instances 
this very general question is answered here. 



We shall now specify some necessary notations, definitions and facts that we frequently use 
below. The standard unit vectors in the Euclidean n-space R n (n > 2) are represented by 
ei, e%, . . . , e n . We write x G R n as a vector (xi, X2, ■ ■ ■ , x n ). The Euclidean length (Euclidean 
norm) of x G R n is denoted by \x\. We denote [x,y] for the Euclidean line segment joining 
x and y. The one point compactification of R n (the Mobius n-space R ) is defined by R = 
R n U {00}. We denote by B n (x,r) and S n ^ l {x ) r) 1 the Euclidean ball and sphere with radius 
r centered at x respectively. We set B n {r) := £? n (0,r) and S n ~ l {r) := S' n ~ 1 (0,r). Let G 
be a domain (open connected non-empty set) in R n . The boundary, closure and diameter 




(1.1) 



id : (G,m G ) -> (G, 



(1.2) 



id: (G,j G )^(G,k G ) 



2. Preliminary results 
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of G are denoted by dG, G and diamG respectively. For x G G we write S(x) := d(x,dG), 
the Euclidean distance from x to dG. In what follows, all paths 7 C G are required to be 
rectifiable, i.e. £(7) < 00 where £(7) stands for the Euclidean length of 7. Given x,y G G 
T(x, y) stands for the collection of all rectifiable paths 7 C G joining x and y . 

Some basic properties of the quasihyperbolic and hyperbolic metrics will be frequently used 
(cf. [20, Sections 2 and 3]). First recall the monotonicity with respect to the domain: if G\ 
and Gi are domains with G 2 C G\ then for all x,y G G 2 we have /c Gl (x, y) < k G2 (x, y) . It is 
obvious that this property holds for the metric j G as well. 

The hyperbolic metrics p B n of the unit ball and pe n of the upper half space HP = {x G M n : 
x n > 0} are defined in terms of the hyperbolic length minimizing property, in the same way 
as the quasihyperbolic metric (see (203 Section 2]). The density functions are 2/(1 — \x\ 2 ) and 
l/x n for the unit ball and the half space, resp. This leads to the observations that km n = Pe™ 
and 

p B n(x,y)/2 < k B n(x,y) < p B n(x,y) 

for all x, y G B n . For the case of B n we make use of an explicit formula 
effect that for x, y G B n 



(2.18)] to the 



(2.1) 



sinh 



pB^(x,y) \x-y\ 



t = y/(l-\ X \2)(l-\y\2). 



The following proposition gathers together several basic properties of the metrics k G and 
jo, see for instance [SJ [2D] . 



Proposition 2.2. (1) For a domain G C 

k G (x,y) > log ( 1 + 



x,y G G, we have 



> ja(x,y) 



mm{5(x),5(y)} 



where L = inf{£(7) : 7 G T(x, y)} . 
(2) For x G B n we have 



k Bn (0, x) = j B n (0, x) = log ■ 



x 



(3) Moreover, for b G S n 1 and < r < s < 1 we have 

k B n (br, bs) = j B n (br, bs) = log - 



(4) Let G $1 IR n be any domain and z G G. Let z G dG be such that S(zq) 
Then for any u, v G [^q, z] we have 



\Z 



k G (u,v) = jg{u,v) 



log 



S(z ) 



Zq - U\ 



5{Z Q ) - \Zq - v\ 



log 



8{u) 



5{v) 



(5) Forx,y G B n we have 

3B"(x,y) < p B n(x,y) < 2j B n(x,y) 
with equality on the right hand side when x = —y . 
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Proof. (1) Without loss of generality we may assume that S(x) < S(y). Fix 7 G T(x,y) with 
arc length parametrization 7 : [0, u] — > G, 7(0) = x,j(u) = y 

Jo d(j(t),dG) J 5{x)+t 5{x) \ 5{x) J 



(2) We see by p that 

j B n(0,x) = log 1 , , < k B n(0,x) < I 

1 Fl ^[0,2 



|dz| , 1 
log 



8(z) 1 — |x| 



and hence [0, x] is the /^-geodesic between and x and the equality in (j2J) holds. 

The proof of ([3]) follows from (j2J) because the quasihyperbolic length is additive along a 
geodesic 

k B n (0, bs) = k B n (0, or) + (or, 6s) . 

The proof of (j3J) follows from ([3]). 

The proof of ([5]) is given in pQ Lemma 7.56]. 

□ 

Lemma 2.3. (1) For < s < 1 and x,y E B n (s) we have 

3B"(x,y) < k B n(x,y) < (1 + s)j Bn (x,y). 

(2) Let domain, w G G, and w e (<9G) n S™" 1 ^, . If s & (0, 1) and 
1,1/6 B n (w, s5(w)) are such that S(x) = \x — wq\ < S(y) , i/ien we have 

ka(x,y) < (1 + s)j G (x,y) . 

(3) Let s G (0, 1), G = K™ \ {0}, x,y,w G G wift |x| < |y| and |x — w| < s5(w), \y — w\ < 
s5(w) . Then we have 

k G (x,y) < (1 + s)j G (x,y) . 

Proof. (1) Fix x,w G B n (s) and the geodesic 7 of the hyperbolic metric joining them. Then 
7 C B n (s) and for all u> G B n (s) we have 

1 1 + s 2 

< 



1 — |w| 2 1 — |w| 2 

Therefore by Proposition 12.2( 5) 

f \dw\ 1 + s f 2\dw\ 1 + s 

k B "{x,y)< / j— r < — — / r— ,2 < — = — pB"{x,y) < (1 + s)j B n(x,y) . 

y 7 1 - \w\ 2 y 7 1 - \w\ 2 2 

for x,y G B n (s). The first inequality follows from Proposition 12.2( 1). 
For the proof of © set B = B n (w, 5(w)) . Then by part ((TJ 

M x > 2/) < M 25 , y) < (1 + s)jB(ar, y) = (1 + s)j G (x, y) . 
The proof of ([3]) follows from the proof of (j2J). □ 

Remark 2.4. (1) Lemma [2731 (1) and (3) improve [20, Lemma 3.7(2)] for the cases of B n and 
M n \ {0}. We have been unable to prove a similar statement for a general domain. 

(2) The proof of Proposition 12.21 shows that the diameter (— e, e),e G S" 1-1 , of B n is a 
geodesic of k B n and hence the quasihyperbolic distance is additive on a diameter. At the 
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same time we see that the j metric is additive on a radius of the unit ball but not on the full 
diameter because for a; G B n \ {0} 

j B n(-x,x) < j B n(-x,0) + j B »(0,x) • 

Our next goal is to compare the Euclidean and the quasihyperbolic metric in a domain 
and we recall in the next lemma a sharp inequality for the hyperbolic metric of the unit ball 
proved in [201 (2-27)]. 



Lemma 2.5. For x,y G B n let t be as in A2.1\) . Then 

tanh 



2 p B n(x,y) \x-y\ 2 



\x — y\ ^2 tanh 



2 \x-y\ 2 + t 2 ' 

p B n(x,y) 2\x-y\ 



4 ^\ x -y\2 + t 2 + t > 

where equality holds for x = —y. 

Earle and Harris [3] provided several applications of this inequality and extended this 
inequality to other metrics such as the Caratheodory metric. Several remarks about Lemma 
12.51 are in order. Notice that Lemma 12.51 gives a sharp bound for the modulus of continuity 

id: {B n ,p Bn )^(B n ,\-\). 

For a i^-quasiconformal homeomorphism 

f:(B n ,p Bn )^(B n ,p B n) 

an upper bound for the modulus of continuity is well-known, see [20] Theorem 11.2]. For 
n = 2 the result is sharp for each K > 1, see [TT1 p. 65 (3.6)]. The particular case K — 1 
yields a classical Schwarz lemma. 

As a preliminary step we record Jung's Theorem [2J Theorem 11.5.8] which gives a sharp 
bound for the radius of a Euclidean ball containing a given bounded domain. 

Lemma 2.6. Let G C R n be a domain with diamG < oo. Then there exists z G M" such 
that G C B n (z, r), where r < y/n/(2n + 2) diamG. 

Lemma 2.7. (1) If x,y are on a diameter of B n and w = \x — y\ e\j1, then we have 

2 

k Bn (x,y) > k B n(-w,w) = 2 k B ™(0,w) = 2 log- : > \x — y \ , 

2 — \x — y\ 

where the first inequality becomes equality when y = —x. 

(2) If x,y G B n are arbitrary and w = \x — y\ ei/2, then 

2 

k B n(x,y) > k B n(-w,w) = 2k B n(0,w) = 2 log- , r > \x - y \ , 

2 — \x — y\ 

where the first inequality becomes equality when y = —x. 

(3) Let G £1 M™ be a domain with diamG < oo and r = ^Jn/{2n + 2) diamG. Then we 
have 

2 

k G (x,y) > 2 ^ogj—j > t = \x-y\/r, 

for all distinct x,y G G with equality in the first step when G = B n (z,r) and z = 
(x + y)/2. 
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Proof. In the proof of ([T]) and (J2J), without loss of generality, we assume that \x\ > \y\ 
(1) If G [x,y], by Proposition 00 we have 

1 



k B n (x, y) = k B n (x, 0) + k B n (0, y) = log ■ 

1 



i-MXi-M)' 

and hence 

k B n[— w, w) = 2 log • 



1 — \w\ 
We need to prove that 

(i-M) 2 >(i-M)(i-M). 

It suffices to show that 

\x\ + \y\ \x — y\ 



\w 



< 1- y/(l-\ X \)(l-\y\) 



2 2 
which is equivalent to (\x\ - \y\) 2 > 0. 

If y G [x, 0], then the proof goes in a similar way. Indeed, we note that \x\ 
\x — y\ = 2\w\. Then by Proposition 12.211 31) we have 

k B n(x,y) = log 

It is enough to show that 

(i - M) 2 > t — R- = 1 + 



1 - 


\y\ 


1 - 


\x\ 



1 - 


\x\ 


1 - 


\y\ 



\y\ 




\x\ 


i 




y\ 



Substituting the value of \w\ and then squaring we see that 

1 \ /II I | \ 2 

1 \ / \x\ — \y\ 



(N-H)^i- I -^) < 

which is trivial as the left hand term is < 0. Equality holds if y = —x. 

(2) Choose y' G B n such that |a; — y\ = \x — y'\ = 2\w\ with x and y' on a diameter of B n . 
Then 

k B n(x,y) > k B n(x,y') > k B n(-w,w), 

where the first inequality holds trivially and the second one holds by (pQ). 

(3) Since G is a bounded domain, by Lemma 12.61 there exists z G M. n such that G C 
B n (z,r). Denote B := B n (z,r) . Then the domain monotonicity property gives 

k G (x,y) > k B (x,y) . 

Without loss of generality we may now assume that z = 0. Choose u, v G B in such 
a way that u = —v and \u — v\ = 2\u\ = \x — y\. Hence by (T5]) we have 

r 

ka(x, y) > k B (x, y) > k B (-u, u) =2 log ■ 



r — \u\ 

This completes the proof. □ 
Corollary 2.8. (1) For every x, y G B n we have 

\x-y\< 2(1 - exp(-k B n(x,y)/2)) < k B n(x,y) , 
where the first inequality becomes equality when y = —x. 
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(2) If G ^ W n is a domain with diam G < oo and r = ^Jn/(2n + 2) diamG, then we have 

\x - y\/r < 2(1 - exp(-k G (x,y)/2)) < k G (x,y) 

for all distinct x,y G G with equality in the first step when G = B n (z,r) and z = 
(x + y)/2. 

A counterpart of Lemma 12.71 for the metric j G is discussed below. 
Lemma 2.9. (1) If x,y are on a diameter of B n and w = \x — y \ e\/2, then we have 

jB"{x,y) > Jb^{-w,w) = logj—^ >t=\x-y\, 

where the first inequality becomes equality when y = —x. 
(2) If x,y G B" are arbitrary and w = \x — y \ e±/2, then 

2 + t 

jB«(x,y) > j B ™(-w,w) = log^—^ = 2artanh(t/2) >t=\x-y\, 
where the first inequality becomes equality when y = —x. 



(3) Let G 55 W l be a domain with diamG < oo and r = ^Jn/(2n + 2) diamG. Then we 
have 

Jg{x, y) > log — - >t=\x-y\/r, 

for all distinct x,y G G with equality in the first step when G = B n (z,r) and z = 
(x + y)/2. 

Proof. In the proof of (1) and (2), without loss of generality, we may assume that |x| > \y\. 
(1) If G [x,y], we have 

j B n(x,y) = log f 1 + [ X V \ ) = log 1 /y ' 



X\ I — \x\ 



and hence 

• / \ n l + \w\ 2 + \x-y\ 

Jb^{-w,w) = log- — = log- : r > \x-y\. 

1 — \w\ 2 — \x — y\ 

The inequality jB n (x,y) > jB n (—w,w) is clear due the fact that 2\w\ = \x\ + \y\ and 
\x\ > \y\. If y G [x, 0], a similar reasoning gives the conclusion. 

(2) Choose y' G B n such that \x — y\ = \x — y'\ = 2\w\ with x and y' on a diameter of B n . 
Then 

3Bn(x,y) =j B n(x,y') >j B ™(-w,w), 

where the lower bound holds by (1). 

(3) The proof is very similar to the proof of Lemma [2.7( 3). 

This completes the proof. □ 
Corollary 2.10. (1) For every x, y G B n we have 

\x-y\< 2tanh(j B n(x,y)/2) < j B n(x,y) , 
where the first inequality becomes equality when y = —x. 
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(2) If G ^ W n is a domain with diam G < oo and r = y/nj (2n + 2) diam G, then we have 

\x -y\/r < 2tanh(j G (x,y)/2) < j G (x,y) , 

for all distinct x,y G G with equality in the first step when G = B n (z,r) and z = 
(x + y)/2. 

Remark 2.11. Let us denote the spherical chordal metric in If by q(x,y) . Starting with 
the sharp inequality [U 7.17 (3), p. 378] 

2q(x,y) 



\x-y 



> 



l + ^l- q(x,y) 2 

q(x,y) < 



we deduce that 

\x — y\ 
1 + (1^-2/1/2)2 

with equality for y = —x . Therefore, we see that the identity mapping 

id : (IT, | • |) -> (If , 9 ) 

has the sharp modulus of continuity u(t) —t/(l + (t/2) 2 ) for t e (0, 2) . 

We conclude this section by formulating some basic results on quasihyperbolic distances 
which are indeed used latter in Section[3l The following lemma is established in [T9J Lemma 2.53]. 

Lemma 2.12. If 6 £ (0, 1), then there exists a positive number a(6) such that the following 
holds. If x,y,z E G with x,y G G\ B n (z, 6d(z, dG)) then 

k G \ {z} (x,y) < a(9) k G (x,y), 

where a(6) = 1 + (2/9) + tt/(2 log ) . 

Lemma 2.13. If r > and x, y G G = R n \ B n (r) with \x\ = \y\, then 

\x — y\ir 





\x\ 




\x\ 




- r 



ka(x,y) < — k R n\ {0} (x,y) < 



2 x 



Proof. The first inequality follows from [TO, Theorem 5.20]. For the second inequality we see 
that if 9 = ZxOy, then we have the identity 

\x — y\ 2 = \x\ 2 + \y\ 2 — 2\x\\y \ cos 9 . 

Since \x\ = \y\ it follows that sin(0/2) — \x — y\/(2\x\). For < 9 < it, the well-known 
inequality 9 < nsm(9/2) gives that 9 < n\x — y\/(2\x\). Since k R u\^(x,y) < 9, when 
\x\ = \y\, we conclude the second inequality. □ 

We also need a generalization of Lemma 12.121 

Lemma 2.14. If a, 9 G (0,1), then there exists a positive number a(a,9) such that the 
following holds. If x,y,z G G with x,y G G\ B n (z, 9d(z, dG)) then 

k G '(x,y) < a(a,9) k G (x,y) , 

where G' = G\ 5"(2, a9d(z, dG)) and 

. „, 2 + 9 + a9 (l + a)vr 

a(a,9) = — + 



9(1 -a 2 ) 2(1 - a) \og((2 + 29)/ (2 + 9 + a9)) ' 
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Proof. Denote by 5(z) = d(z,dG). Fix (3 G (0,1) and w G G\W > (z i pS(z)). Choose g G 
S' n ~ 1 (z, a/3<5(z)) and p G <9G such that \w — q\ = d(w, S' n ~ 1 (z, at/38(z))) and |p — z| = S(z). 
Then we have \w — q\ > /3(1 — a)5(z) and hence 

b - g| < (1 + a(3)5(z) < l ( ^ a \ \w - g| . 

p(i — a) 

It follows by triangle inequality that 

(2.15) d(w, dG) < 1 + 1 ^ d(w, dG U S^fz, a(35(z))) . 

1 — a 

Let J be a geodesic joining x and y in G (i.e. J = J G [x, y}) and C/ = JC\B n (z, (l + a)98(z)/2). 

If [/ 7^ then we denote by x' the first point in U, when we traverse along J from x to y. 
We similarly denote y' in ?7 along the reverse way. By (12.151) and Lemma 12.131 

k G >(x,y) < k G ,(x,x') + k G >(x',y') + k G ,(y\y) 

2 + + ad. . 1 + a 2 + 9 + a9 , , , . 

- ~m\ ^k G {x,x) + - n + — ^rk G {y,y) 

9(1 — a z ) 1 — a 9(1 — a z ) 

2 + + Q.Q . . s 1 + a 

Since k > j we have 

fcofo y) > fcofo J) + My', y) > 2 log ( l + e ~^ + a ] 6 J 2 ) = 2 log 2 | 2g „ 

Gi,y;_ gi, ; Giy,y;_ &^ l + (l + a)9/2J 5 2 + + a0 
and therefore 

k G '(x,y) < a(a,9)k G (x,y) 

holds for 

r 0) - 2 + e + ae , (1 + q)7r 

a(a ' j ~ 5(1 -a 2 ) 2(l-a)log((2 + 20)/(2 + + a<0)) ' 
If C/ = 0, then by fl2TT5]) 

, . , 2 + + a0, . , . , , 

kg'(z, y) < -tt: ^-k G {x, y) < a(a, 9)k G (x, y) . 

9(1 — a z ) 

The assertion follows. □ 
Clearly Lemma [2. 141 implies Lemma [2.121 as a — > 0. 

3. (^-UNIFORM DOMAINS 

In 1979, the class of uniform domains was introduced by Martio and Sarvas [TJ]. In the 
same year, Gehring and Osgood [5] characterized uniform domains in terms of an upper 
bound for the quasihyperbolic metric as follows: a domain G is uniform if and only if there 
exists a constant C > 1 such that 

(3.1) k G (x,y) < Cj G (x,y) 

for all x,y G G. As a matter of fact, the above inequality appeared in [5] in a form with 
an additive constant on the right hand side: it was shown by Vuorinen [191 2.50] that the 
additive constant can be chosen to be 0. This observation lead in [19J to the definition of 
(^-uniform domains. 
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Definition 3.2. Let (p : [0, oo) — > [0, oo) be a continuous strictly increasing function with 
<p(0) = 0. A domain G ^ M. n is said to be (p-uniform if 

(3.3) k G {x, y) <ip(\x-y\/ min{5(x), <%)}) 

for all x,y G G. 

In order to give a simple criterion for yj-uniform domains, consider domains G satisfying the 
following property [19]: there exists a constant C > 1 such that each pair of points x,y £ G 
can be joined by a rectifiable path 7 G G with £(7) < C|x — y\ and min{5(x), <5(y)} < 
Cd^ydG). Then G is (^-uniform with ip(t) = CH. In particular, every convex domain 
is ^-uniform with ip(t) = t. However, in general, convex domains need not be uniform. 
The above examples of (^-uniform domains are studied in [TSJ Examples 2.50 (1)]. More 
complicated nontrivial examples of ^-uniform domains can be seen by considering that of 
uniform domains which are studied by several researchers. For instance, it is noted in [131 HB] 
that complementary components of quasimobius (and hence bi-Lipschitz) spheres are uniform. 

Because simply connected uniform domains in plane are quasidisks (15] (see also [3]), it 
follows that the complement of such a uniform domain also is uniform. A motivation to this 
observation of uniform domains leads to investigate the complementary domains in the case of 
(^-uniform domains. In fact we see from the following examples that complementary domains 
of (/^-uniform domains are not always (^-uniform The first example investigates the matter 
in the case of half-strips. 

Example 3.4. Since the half-strip defined by S = {(x,y) G M 2 : x > 0, — 1 < y < 1} is 
convex, by the above discussion we observe that it is (^-uniform with ip(t) = t. On the other 
hand, by considering the points z n = (n, —2) and w n = (n, 2) we see that G := M 2 \ S is not 
a (yj-uniform domain. Indeed, we have jc(z n , w n ) = log 5 and for some meln Jg[zu, w n ] 

1 H — r— > log(l -|- n) > 00 as n -> 00. 

d(w n ) J 

This shows that G is not ^-uniform for any ip. A 

Here we construct two more examples of same kind in which the shape of boundary is 
defined by a smooth function. 

Example 3.5. Consider the domain 

D = {(x, y) G 1R 2 : — exp(— 1 — x) < y < exp(— 1 — x), x > 0} . 

It is clear by [T9"| 2.50] that D is ^-uniform with <p(t) = 4t. We next show that its comple- 
mentary domain G := R 2 \ D is not (^-uniform. We see that the points z n = (n, —e~ n ) and 
w n = (n, e~ n ) are in G, and jG{. z n,w n ) = log 3. On the other hand, let m G JG[z n ,w n ] n R. 
Then 

(2; — ffi \ 
1 H > log(l + ne n ) > n —>■ 00 as n ^ 00 . 

e " ) 

This shows that G is not ip- uniform for any ip. A 
Example 3.6. Define 

f / ™9 1 

D m = < {x, y)eR 2 : x < —- , < y < — 

I 1 + logm 10 
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FIGURE 1 . An unbounded yj-uniform domain DcR 2 whose complement G' = 
M 2 \ D is not (^-uniform. 



Then, by a similar reasoning to Example 13.51 we conclude that D = Um=i ^ m * s a V 9 " 1111 ^ 01111 
domain whereas its complement G' = M 2 \ D is not (see Figured]). A 

A domain G C 1" is said to be quasiconvex if there exists a constant c > such that any 
pair of points x,y G G can be joined by a rectifiable path 7 C G satisfying £(7) < c\x — y\. 
The domains G and G' in the above examples are not quasiconvex and are not bounded as 
well. This naturally leads to the following question. 

Problem 3.7. Are there any bounded (^-uniform domains whose complementary domains 
are not (^-uniform? 

Problem 3.8. Is it true that quasiconvex domains are yj-uniform and viceversa? 

In the dimension n = 3, we have solutions to Problem 13.71 as follows: 

Example 3.9. Let T be the triangle with vertices (1,-1), (0,0) and (1,1). Consider the 
domain D bounded by the surface of revolution generated by revolving T about the vertical 
axis (see Figure [2]). 

Then we see that D is yj-uniform. Indeed, let x, y G D be arbitrary. Without loss of 
generality we assume that \x\ > \y\. Consider the path 7 = [x, x'] U C joining x and y, where 
x' G S'HM) is chosen so that \x' — x\ = d(x, S' 1 (|?/|)); and C is the smaller circular arc of 
S' 1 (||/|) joining x' to y. For z G D, we write 5(z) := d(z, dD). Then for all x,y G D we have 

kn(x,y)< = / M+ 



S(z) J M 5(z) Jc 5{z) 

x — y\ f \dz\ 



mm{5(x),5(y)} J c 5{z) 
7r\ \x — y\ 



< 



~ V 1+ 2 J mm{5(x),5(y)}'' 

where the last inequality follows by the fact that £(C) < ir\x — y\/2 (see the proof of 
Lemma 12 . 13[) . 

On the other hand, its complement G = M 3 \ D is not ^-uniform. Because for the point 
Zf = te 2 G G, < t < 1, we have jc(~ z t, z t) = log(l + 2\/2); and by a similar argument as in 
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Figure 2. A bounded yj-uniform domain in M 3 whose complementary domain 
is not tp- uniform (the right hand side figure shows the revolution). 



V2\ 



oo as t — ► 0. 



Example 13.51 we have 

k G (-z t ,z t ) > log (l + j 

This shows that G is not (^-uniform for any (p. A 

Example 13.91 gives an bounded yj-uniform domain in M. 3 which is not simply connected. In 
the following, we construct a bounded simply connected domain in M. 3 which is (^-uniform 
but its complement is not. 

Example 3.10. Fix h = 1/3. For the sake of convenience, we denote the coordinate axes in 
M 3 by x-, y- and z-axes. Let D be a domain obtained by rotating the triangle with vertices 
(0, 0, h), (1, 0, 0) and (0, 0, —h) around the z-axis. For each k > 1, we let 

x k = l-4T k and h k = (1 - x k )/(10h) . 

We now modify the boundary of D as follows: let us drill the cavity of D from two 
opposite directions of z-axis such that the drilling axis, parallel to z-axis, goes through the 
point (xk, 0, 0). From the positive direction we drill until the tip of the drill is at the height 
hk and from the opposite direction we drill up to the height — hk . The cross section of the 
upper conical surface will have its tip at (xk,Vk) described by 

y — h k = A(x-x k ), A = ±l. 

This intersects the boundary of the cavity represented by z = h(l — x) at 

h- h k + Ax k 



x 



This gives 



h- hk — x k 



A + h 



and Vk = x\a=i 



h-hk + Xk 



-1 + h " 1 + h 

Obviously, u k < x k < v k . Since v k < u k+ i, we see that two successive drilling do not interfere. 
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Figure 3. A double cone domain with twosided drillings. This picture pro- 
vides a schematic view of the simply-connected domain D C 1R 3 constructed in 
Example 13.101 The domain is uniform but its complement is not (^-uniform for 
any ip. 



Induction on k gives us a new domain Gel 3 which is simply connected and uniform, but 
its complement is not ^-uniform for any ip . Indeed, the choice of points Zk = (x k , 0, 2h k ) and 
Wk = (xk, 0, —2h k ) in U = IR 3 \ G gives that 

d(z k , dU) = mm{x k - u k , v k - x k } = h k f{h) . 

It follows that 

Ah k 



ju(z k ,w k ) = log 1 + 



< oo . 



On the other hand, 



ku(z k ,w k ) > log 1 + 



d(z k , dU) 

This shows that U is not ^-uniform for any ip. 



log 1 + 



hkf(h) 

VT+h? 



h k f(h) 



oo as k — > oo . 



A 



We now discuss solution to Problem 13.81 The following example says that there exist 
quasiconvex domains which are not (^-uniform. 

Example 3.11. Consider the unit square D = {(x, y) G IR 2 : \x\ < 1, \y\ < 1}. For n>lwe 
define the set 



pn 

r 



and for 1< m < b - 1 we define 



T- T-±-) (T-±- T- 

/ j Ok ' / j Ok On 1 ' V ' J 9k On ' / / Ok 



Ok'^iOk 2 r 

k = l k=l 



Ok On ' / j Ok 
k=l k=l 



Then consider the domain defined by 



G := D \ Q i 3 ™, forn > m+1. 



m=0 



When k is large enough we observe that G is not yj-uniform but it is quasiconvex. 



A 
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Next, we characterize domains G such that the identity mapping defined by (11.21) is uni- 
formly continuous with Lipschitzian modulus of continuity. The uniform continuity of the 
identity mapping defined on certain metric spaces is studied in [TU] as well. Due to Proposi- 
tion I2.2K |T|) we see that for any domain G ^ IR n the identity mapping 

id: (G, k G ) — > (G, jo) 

is uniformly continuous with Lipschitzian modulus of continuity u(t) = t. On the other 
hand, the mapping (jl.2p is not uniformly continuous with Lipschitzian modulus of continuity 
in general. One may ask, is it true that G is uniform if and only if the identity mapping 
id : (G,ja) — > (G, k G ) is uniformly continuous with Lipschitzian modulus of continuity. The 
answer is provided by the next theorem. 

Theorem 3.12. The identity mapping id : (G,j G ) — > (G,k G ) is uniformly continuous with 
Lipschitzian modulus of continuity if and only if G is ip -uniform. 

Proof. Sufficiency part is trivial. Indeed, for ijeGwe have 

ka(x, y) < (p(exp(j G (x, y)) - 1) = cu(j G (x, y)) 

where u(t) = </?(e* — 1). 

For the necessary part, we define ip : [0, oo) — > [0, oo) by 

tp(t) = sup{k G (x, y) : j G (x, y)<t}, t>0. 

Our assumption is that the identity mapping id : (G,j G ) — ► (G, k G ) is uniformly continuous 
with Lipschitzian modulus of continuity. This is equivalent to the condition that (see [2"0l 
P. 134]) the Lipschitzian modulus of continuity (p : (0, oo) — > (0, oo) is increasing and that 
tp(t) — > as t — > 0. For G to be a ^-uniform domain we remain to check (13.31) . Note that 
k G (x, y) < ip(t) for all t with j G (x, y) < t. Since log(l + 1) < t for all t > 0, in particular, for 
t = \x — y\/ mm{5(x), S(y)} we see that G satisfies (13. 3p and hence G is (^-uniform. □ 

It is well-know that uniform domains are preserved under bilipschitz mappings (see for 
instance [201 p. 37]). We now present the bilipschitz properties of (^-uniform domains. 

Proposition 3.13. Let f : W 1 — *> ¥L n be an L-bilipschitz mapping, that is 

\x -y\/L< \f(x) - f(y)\ < L\x - y\ 
for all x,y G M. n . If G £ lR n is ^-uniform, then f(G) is ipi-uniform with <fi(t) = L 2 ip(L 2 t). 

Proof. We denote 6(z) := d(z,dG) and S'(w) := d(w,df(G)). Since / is L-bilipschitz, it 
follows that 

5(z)/L<5'(f(z))<L5(z) 
for all z & G. Also, we have the following well-know relation (see for instance [201 p. 37]) 

k G (x,y)/L 2 < k m (f(x),f(y)) < L 2 k G (x,y) 

for all x, y G G. Hence, ^-uniformity of G yields 

k f{G) (f(x),f(y)) < L 2 k G (x,y) 

< L 2 (p(\x - y\/mm{5(x),5(y)}) 

< L 2 p(L 2 \f(x) - f(y)\/mm{S'(f(x)), 8>(f(y))}) . 

This concludes our claim. □ 
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A mapping h : R™ — > M" denned by 

( x — cl) 

h(x) = a + rr-, h(oo) = a, h(a) = oo 

\x — a\ 2 

is called an inversion in the sphere 5' n ~ 1 (a, r) for i,aeR" and r > 0. We recall the following 
well-known identity from [201 (1-5)] 

(3.14) \h(x) - h(y)\ = . r2 \ X ~ y \ x,yeR n \{a}. 

\x — a\ \y — a\ 

We next show that 93-uniform domains are preserved under inversion in a sphere. 

Corollary 3.15. Let z$ G W 1 and R > be arbitrary. Denote by h an inversion in 
S' ra_1 (zo, R)- For < m < M, if G C B n (z Q ,M) \ B (zo,m) is a ip-uniform domain, then 
h(G) is (pi-uniform with <fi(t) = (M /m) 2 (p(M 2 t/m 2 ). 

Proof. We denote 8{z) := d(z,dG) and 8'(w) := d(w,dh(G)). Without loss of generality we 
can assume that Zq = 0. By the assumption on G we see that m < \z\ < M for all z £ G. 
Hence, by the identity (I3.14p we have 

R 2 \x - y\/M 2 < \h(x) - %)| < R 2 \x - y\/m 2 

which implies 

R 2 mm{8(x),5(y)}/M 2 < mm{5'(h(x),6'(y))} < R 2 mm{8(x),5(y)}/m 2 . 
It follows that 

{m/M) 2 k G {x,y) < k h(G) {h{x),h{y)) < {M/m) 2 k G {x,y) 

for all x,y G G. Since G is (^-uniform, by a similar argument as in the proof of Proposition l3.13l 
we conclude our assertion. □ 

There are a number of classes of domains that have been investigated in analysis and 
related topics (e.g. see [7]). In general, all such classes of domains do not behave same if we 
remove a finite number of points from the domains [7J, but some do behave (for example, see 
[TJ Theorem 5.1] and [171 Theorem 5.4]). The following result is one such investigation. 

Theorem 3.16. Let G ^W 1 be a ipi-uniform domain and zo G G. Then G\{z } is ip-uniform 
for some tp depending on ipx only. 

Proof. In this proof we denote by Si the Euclidean distance to the boundary of G and 82 the 
Euclidean distance to that of G\{z }. Fix 9 G (0, 1) and let x, y G G \ {z } be arbitrary. We 
prove the theorem by considering three cases. 

CaseI:x,yeB n {z 0) 6S 1 (z ))\{zo}. 
We see that 

kG\{z }{x,y) = k Rn \ {zo} (x,y) 

71 
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where the equality follows from (TSJ Lemma 4.4] and the first inequality is due to Linden [T2"l 
Theorem 1.6]. It follows that 

(3.17) k G \{ Zo y(x, y) < ip 2 {\x - y\/ mm{5 2 (x), S 2 (y)}) 

for <p 2 (t) = j^log(H-t). 

Case II: x°*y eG\ B n (z , 95 1 (z )/2). 

Since G is (^-uniform, using Lemma [2.121 we obtain 

kc\{z }(x,y) < a(6/2)k G (x,y) 

= a(e/2)i Pl (\x-y\/mm{6 1 (x)My)}) 
< a(9/2) Vl (\x-y\/mm{6 2 (x),6 2 (y)}), 

where the last inequality holds because S± > S 2 . This gives that 

(3.18) k G \{ Z0 }(x, y) < ip 3 (\x - y\j min{<5 2 (x), 5 2 (y)}) 

with (p 3 (t) = a{9/2)(px{t). 

Case III: x G B n {z , 06i(z o )/2) \ {^o} and y E G \ B n {z , 68 x (zo)) . 

There exists a quasihyperbolic geodesic joining x and y that intersects the boundary of 
B n (zo, 65\{zq) /2). Let an intersecting point be m. Along this geodesic we have the following 
equality 

(3.19) k G \ {zo} (x,y) = k G \ {zo} (x,m) + k G \ {zo} (m,y) . 
Now, Case I and Case II respectively give 

k G \{z }(x,m) < ip 2 (\x-m\/ mm{S 2 (x), 5 2 (m)}) 

and 

k G \{ Z0 }{m,y) < (p 3 (\m - y\J mm{5 2 (m) , 5 2 (y)}) . 
We note that max{|x — m\, \m — y\} < 3\x — y\ and 5 2 {m) > 5 2 {x). Also, y? 2 and cp 3 being 
monotone, from (13.191) we obtain 

k G \{ Z0 }(x, y) < (f 2 (3\x -y\j min{5 2 (x), 5 2 {y)}) + y2 3 (3|x -y\j min{5 2 (x), 5 2 (y)}) 

< 2 max{^ 2 (3|x -y\j min{5 2 (x), 5 2 (y)}), <^ 3 (3|x -y\j min{<5 2 (x), 5 2 (y)})} 

= M\ x — 2/1/ min{5 2 (a:), <5 2 (?/)})}, 

where y?4(t) = 2 max{<^ 2 (3t), ip 3 (3t)}. 

We verified all the cases, and hence our conclusion with if = ip^ holds. □ 

Corollary 3.20. Suppose that [z i )™ =1 is a finite non-empty sequence of points in a domain 
G £1 W 1 . If G is ifo-uniform, then G \ {z x , z 2 , . . . , z m } is ^-uniform for some <p depending on 
ip only. 

Proof. As a consequence of Theorem 13 .16[ proof follows by induction on m. Indeed, we obtain 

(p(t) = 2 m a(0/2) m - 1 max{7r(l + 3t)/log3,a(0/2)^o(3t)}, 

where 9 = mm{d(zi, dG), \zi — Zj\} with i ^ j and i,j — 1, 2, . . . , m. □ 

The following property of uniform domains, first noticed by Vaisala (see [TTl Theorem 5.4]) 
in a different approach, is a straightforward consequence of Theorem 13.161 For convenient 
reference we record the following Bernoulli inequality: 

(3.21) log(l + at) < olog(l+*); a > 1, t > 0. 
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Corollary 3.22. Suppose that {zi)™ =1 is a finite non-empty sequence of points in a uniform 
domain G £ R n . Then G' = G\ {zi, z 2 , . . . , z m } also is uniform. More precisely if holds 
for G with some constant c, then it also holds for G' with a constant d depending only on c. 

Proof. It is enough to consider the domain G\{z\} when (13.11) holds for G with some constant 
c. We follow the proof of Theorem 13.161 Our aim is to find a constant d such that 

k G \{ Zl }(x,y) < c' j G \ {zi} (x,y) . 

^From Case I we have d = 7r/log3. Since (13 .ip holds for G with the constant c, from Case 
II we get d = ca(0/2). 

By Case I and Case II, we see that 

k G \ {zi} (x,y) = k G \ {zi} (x,m) + k G \ {zi} (m,y) 

< max{7r/log3,ca(6>/2)} [j G \ {zi} (x,m) + j G \ {zi} (m, y)\ 

< c' j G \ {zi} (x,y) , 

where d = 6 max{7r/ log 3, c a(9/2)}. Note that the last inequality follows by similar reasoning 
as in Case III and by the Bernoulli inequality (13. 2 1 p . 
Inductively, we notice that uniformity constant for G' is 

6 m a(0/2) m - 1 max{7r/log3,ca(0/2)} = 6 m a{6/2) m c, 

where a(9) is defined in Lemma 12. 12[ □ 

Theorem 3.23. Let 6 G (0, 1). Assume that G $1 R n is ipi-uniform and z G G. If E C 

B n (zo, 0d(zo, dG)/5) is a non-empty closed set such that W n \E is (f2-uniform, then G\E is 
(f -uniform for ip depending on tp\ and (f2- 

Proof. In this proof we denote by Si, 5 2 and S 3 the Euclidean distances to the boundary of 
G, G\E and M. n \E respectively. Let 6 G (0, 1) and x, y G G \ E be arbitrary. We undertake 
the proof into several cases. 

Case A: x,y E G \ B n (z , 95i(z )/A). 

Denote G' as in Lemma [2. 141 but with a = 1/5. Then ^-uniformity of G gives 
kc\E(x,y) < k G ,{x,y) 

< a(l/h,6/A)k G (x,y) 

< a(l/5, 6/A) Vl (\x - y\/mm{5 x {x), S 1 (y)}) 

< a(l/5, 6/A)vi(\x - y\/ min{5 2 (x), 5 2 {y)}) , 

where the first inequality holds by the monotonicity property, second inequality follows by 
Lemma [2.141 and last follows trivially. 

Case B: x, y G B n (z , 95 1 (z )/2) \ E. 

If x, y G B n (z , 68i{zq)/4) \ E, then the quasihyperbolic geodesic J := J G \E[x,y] may 
entirely lie in B n (zo, 9Si(zo)/3) or may intersect the sphere S n ~ 1 (zo,95i(z )/3). This means 
that the shape of J will depend on the shape of E. So, we divide the case into two parts. 

Case Bl: J n S n -\z , St(z )/3) = 0. 

Since MJ 1 \ E is yvumform and 8z{z) = 5s(z) for any z G J we have 
(3.24) k G \ E (x, y) = k Rn \ E (x, y) < (p 2 (\x -y\j vnm.{b 2 {x), 8 2 (y)}) . 

Case B2: J n S n - x {z Q , 5 1 (z )/3) ^ 0. 
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S n -\z ,d/5) 




S n -\z ,d/A) 



S n -\z ,d/3) 



Figure 4. The geodesic J intersects S n (zo,d/3) at x\ and x 2 , d = 68\{zq 



To get a conclusion like in (13.241) it is enough to show that 

(3.25) k G \ E (x,y) < Ck Rn \ E (x,y) 

for some constant C > 0. 

Case B2a: x, y e B n (z ,85i(z )/A) \E and k R n\ E (x,y) > log|. 

Let X\ be the first intersection point of J with S n ~ 1 (zo, <^i(-2 ; o)/3) when we traverse along J 
from a; to y. Similarly, we let X2 when we traverse from y to x (see Figure H]). In a similar fash- 
ion, let us denote y\ and 7/2 the first intersection points of J R n\ E [x, y] with 5' n_1 (zo, ^i(^o)/3) 
along both the directions respectively. We observe that #2(2) = £3 (-2) for all z G J[x,xi], 
where J[x, xi] denotes part of J from x to Xi. Hence, along the geodesic J we have 



(3.26) 



k, 



G\E 



[x, y) = kun\ E (x, xi) + k G \ E (x 1 , x 2 ) + k Rn \ E (x 2 , y) ■ 



Now, by the triangle inequality we see that 

(3.27) k R u\ E (x, xi) < k M n\ E (x, y x ) + fc R «\ E (yi, xi) . 

By comparing the quasihyperbolic distance along the circular path joining y% and X\, we 
obtain 

(3.28) 

On the other hand, we see that 



kRr,\ E (y 1 ,x 1 ) < 4tt . 



(3.29) 



k R n\ E (x, > j R ^\ E (x, yi) > log - 



because \x - y x \ > 65 1 (z )/l2 and S 3 (yi) < 70<Ji(;zb)/12. Combining (13T281) and (13T29D . from 
( 13.27P we obtain 

k Rn \ E (x,xi) < (l + Y—s)kMn\ E {x,yt) . 
log 7 
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Similarly we get 

kjg>n\ E (x 2 ,y) < \1 + t^t^) k ^ n \E(y2,y) ■ 
A similar argument as in (13.281) and the last two inequalities together with (I3.26P give 

k G \ E {x, y) < 4tt + ^1 + J k U n\ E {x, y) . 

By our assumption in this case, (I3.25|) follows from the last inequality with C = 1 + 
(4tt/ log §) + (4vr/ logf). 

Case B2b: x,y G B n (z ,65 1 (z ) /A) \E and k Rn \ E (x,y) < logf. 

The well-known inequality jm."\ E (x,y) < k^n\ E (x,y) reduces to 

(3.30) R := ~ min{5 3 (:r), 5 3 (y)} > |rc - J/| . 

Without loss of generality we assume that min{<5 3 (x), 8 3 (y)} = <5 3 (x). Then there exists a 
point xo G S n ~ 1 (x, 2R) H such that 5 3 (x) — \x — Xq\ = 2R. For the proof of (13.251) . we 
proceed as follows 

k G \E(x } y) < k B n {Xj2R) (x,y) 
< 2j B ^ x>2 R)(x,y) 

\x-y 
S 3 (x) — \x 
2\x — y 
5 3 (x) 
\x-y\ 



= 2 log 
< 2 log I H 



< 41og 1 + 



Ss(x) 

= 4j R n\ {x . ()} (x,t/) 

< ij M n\ E (x,y) , 

where the second, third and fourth inequalities follow from [TJ Lemma 7.56], (I3.30|) and (I3.2ip 
respectively. Hence we proved Case B when x, y G B n (z , 95i(z ) /4) \ E. 

If x G B n (z ,98 1 (z )/A)\E and y G 5™(z Q , 0<?i(zb)/3) \ F^o, 0<fi(zo)/4), by considering a 
sphere S n ~ 1 (zo,08i(z )r) with r G (1/4, 1/3) we proceed like before. 

If a; G B n (z , 65i(z )/A)\E and y G B*(zo, 05i(z o )/2) \S"(2b, ^i(«o)/3), then the geodesic 
J(3\E[a?,2/] will intersect S n ~ 1 (z Q ,98i(zo)/3). Let m be the first intersection point when we 
traverse along the geodesic from x to y. Then along the geodesic we have 

k G \ E (x,y) = k G \ E (x,m) + k G \ E (m,y) 

< k Rn \ E (x, m) + a(l/4, 6>/3)<^i(|m - y\j min{<5 2 (m), 8 2 (y)}) 

< <p 2 (\x -m\f min{5 3 (x), 8 3 (m)}) + a(l/4, 0/3)<£>i(|m - y\/ min{5 2 (m), 8 2 (y)}) 

< <^ 2 (4|x - y\/mm{5 2 (x), S 2 (y)}) + a(l/4, 9/3)M^\x - y\/mm{5 2 (x), 5 2 (y)}) , 

where the first and second inequalities follow by Case A and the assumption on E respectively. 
Thus, we conclude that if x, y G B n (z , 98i(z )/2) \ E, then 

k G \ E (x, y) < 2o(l/4, 6/3)ip 3 (\x - y\/mm{8 2 (x), 8 2 (y)}) , 
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where (ps(t) = max{<£> 2 (10t), <£>i(10i)}. 

Case C: x G B n (z , 05i(2 o )/4) \ E and y G G \ B n (z , 95 1 (z )/2). 
Let p G Jg\e[x, y] H S'' 1-1 ^, ^^(^q)^). Then we see that 

ka\E(x,y) = k G \ E (x } p) + k G \ E (p,y) 

< 2o(l/4, 0/3)^ 3 (k - p|/ min{5 2 (x), <f 2 (p)}) 

+a(l/5, 6>/4)^(b - 2/1/ min{5 2 (p), <f 2 (y)}) 

< 2a(l/4, ^/3)^ 3 (|^ - p\j min{5 2 (x), 5 2 (y)}) 

+a(l/5, 0/4)v?i(b - 2/1/ min{5 2 (x), <f 2 (y)}) , 

where the first inequality holds by Case B and Case A, and last holds by a similar argument 
as above (or as in the proof of Case III in Theorem I3.16p . It is easy to see that 

max{|x — p\,\p — y\} < 3[cc — y\ . 

In the same way, as in Theorem 13.161 the monotonicity property of ip^ and tp% gives 

ka\E(x,y) < 4a(l/4, 9/3) max{^ 2 (30|x - 2/|/ min{<5 2 (x), <5 2 (y)}), 

<pi(30|x - ?/|/ min{5 2 (x), 5 2 (y)})}. 

By combining all the above simple computation concludes that the domain G\E is 

(/9-uniform for </>(£) = 4a(l/4, 9/3) max-fy^^Ot), <^2(30t)}, where a(l/4, 9/3) is obtained from 
Lemma 12.141 □ 

Corollary 3.31. Fix 9 G (0,1). Assume that G ^ W 1 is ip -uniform and {zi) T // =l are non- 
empty finite sequence of points in G such that S(zi) = min{<5(^)}™ 1 . Denote 

d := min{|zj — %|/2} and S := min{<5(2:i), d} . 

For all i = 1,2, ... ,m if Ei are non-empty closed sets in B n {z i) 95/5) such that W 1 \ IJ™ x 
is (fi-uniform for some (pi, then the domain G \ IJHi Ei ^ s ^-uniform for some p. 

Proof. As a consequence of Theorem 13.231 the proof follows by induction. □ 
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